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Abstract

In this paper the steady free convection boundary-layer flow along a vertical surface embedded in a porous medium
with Newtonian heating is investigated. The mathematical problem reduces to a pair of coupled partial differential
equations for the temperature and the streamfunction, and full numerical, asymptotic and matching solutions are
obtained for a wide range of values of the coordinate along the plate. The results for the temperature profiles on the
plate and in the convective fluid are presented. A comparison between the full finite-difference solution and the small
and large series expansion solutions illustrates that the full numerical solution is accurate. Furthermore, a matching
closed form of solution for the scaled temperature on the wall is fitted to the theoretical results and this will be useful in

numerous engineering practical applications. © 1999 Elsevier Science Ltd. All rights reserved.

Nomenclature

g the magnitude of the acceleration due to gravity
h, heat transfer coefficient
H scaled wall temperature
K permeability

| streamwise length scale

T temperature

T, ambient temperature

(@, o) velocity components
U. characteristic speed

(%, 7) Cartesian coordinates.

Greek symbols

o thermal diffusivity

p coefficient of thermal expansion
I'(.,.) incomplete Gamma function
0, wall temperature

v kinematic viscosity

Y streamfunction.
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1. Introduction

Heat transfer in saturated porous media has received
growing interest during the last four decades. To a large
extent, this interest is stimulated by the fact that thermally
driven flows in porous media are of considerable practical
applications in modern industry. These include the util-
ization of thermal energy, design of building components
for energy consideration, control of pollutant spread in
groundwater, design of nuclear reactors, solar power col-
lectors, compact heat exchangers, food industries, to
name just a few applications. An excellent review of exist-
ing theoretical and experimental work on this subject can
be found in the recent monographs by Nield and Bejan
[1] and Ingham and Pop [2].

The usual way in which thermal convection flows in
porous media are modelled is to assume that the flow is
driven either by a prescribed surface temperature or by a
prescribed surface heat flux. Here a somewhat different
driving mechanism for free convection along a vertical
surface embedded in a porous medium is considered in
that it is assumed that the flow is set up by a Newtonian
heating from the surface. In particular, the heat transfer
from the surface is taken to be proportional to the local
surface temperature and this situation was recently con-
sidered by Merkin [3] for the corresponding problem of
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a viscous (non-porous) fluid. It is worth mentioning that
a similar situation to the present problem arises in con-
jugate convective flows, where the heat is supplied to the
convecting fluid through a bounded surface with a finite
heat capacity. Papers by Pop et al. [4], Vinnycky and
Kimura [5, 6], Lesnic et al. [7], Pop and Merkin [8] and
Higuera and Pop [9] have treated some aspects of the
conjugate heat transfer effects in porous media and an
excellent review article on this topic has been recently
published by Kimura et al. [10].

A solution is obtained for the present situation fol-
lowing a method which is similar to that presented in the
Refs [4, 7, 8]. Series expansions which are valid both near
the leading edge and far downstream of the plate are first
obtained. These two solution regions are then joined by
a numerical solution of the full boundary-layer equations
using a finite-difference scheme in combination with the
method of continuous transformation proposed by Hunt
and Wilks [11]. It is found that near the leading edge the
flow is driven, at the first-order, by a constant heat flux
from the surface, and the higher-order terms are then
perturbations of the standard uniform heat flux solution
which is the same behaviour seen in the corresponding
conjugate problem. However, there is an essential differ-
ence between the present case and the conjugate problem
when the solution far downstream is considered. Namely,
for the conjugate problem, the flow far downstream
approaches the standard isothermal wall solution, whilst
for the present situation the flow far downstream gives
rise to a new similarity solution which can be found
analytically.

2. Basic equations

Consider the steady free convection flow along a ver-
tical flat plate which is embedded in a porous medium at
the ambient temperature 7,,. The flow is assumed to
be set up by a heat transfer from the surface which is
proportional to the local surface temperature, i.e.

or _ _
afy:—th, on =0 (¥>0) (1)
where (%, y) are the Cartesian coordinates measuring
distances along and normal to the plate, 7 is the tem-
perature and /i, is a constant heat transfer coefficient.
Based on the boundary-layer and Darcy-Boussinesq
approximations, the governing equations are simplified
to the following form:

oun 0D
&4—;}7:0 (2)
a=2%F r_1,) 3

o7, oT_ 0T
e Uay —oca)_)z

4

which have to be solved subject to the boundary con-
ditions

oT
=0, —=—hT, on j=0

oy
-0, T-T,, as j—o oo
a=0=0, T=T,, at x=0. (5)
Here (i, 7) are the velocity components along the (%, 7)
axes, g is the magnitude of the acceleration due to gravity,
K is the permeability of the porous medium, f is the
coeflicient of thermal expansion, o is the thermal diffu-
sivity and v is the kinematic viscosity.

Let us now introduce the following dimensionless vari-
ables

XZ)Z/Z, y:hd'/’ u:],_[/UC, U:lh"L_‘/Uc,
0=(T-T,)T, (©)

where / is the streamwise length scale and U, is a charac-
teristic speed which are defined as

I=(gKBT,)/(avh?), U,=ah?l 7)

Substituting the transformation (6) and (7) into Egs. (2)—
(4) leads to the non-dimensional equations

ou 61;_

5t 3y ®)

u=0 ©)]
o0 00 00

i o =27 (10)

ax ! 5 )2
and the boundary conditions (5) become

00
v=0, & =—(146), on y=0

oy
u—0, 0-0, as y—oo. (11)
3. Solution

3.1. Solution for small X

Here the flow develops initially by the heat flux from
the surface, which suggests the transformation, for a solu-
tion valid near the leading edge,

e =xfen), 0 =x"h(xn), n=y/x'"
(12)

where y is the streamfunction which is defined in the
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usual way as u=0y/dy and v= —d0y/0x. Using Eq. (12),
we obtain s1=09f/dn, and thus Egs. (8)—(11) reduce to

Of 20f V(N _ [(of &f of &f

PR e L P — (13)
o Mot 3\0n an onox  ax gy

with the boundary conditions

L O

f=0, 07]2——<1+x %>, on n=0

%HO, as n—o0. (14)

These boundary conditions suggest looking for a solution
of Egs. (13) for small x of the form

E R (15)
where f is given by

R
Jo +§f0 0_5, 0 =0
So(0)=0, f5(0)=—1, fo(0)=0 (16)

and for j>1, we have the following:

oo S| (I=p+2\,. ., @+D .,

i+ ZO|:< 3 >f/‘—pfp_ 3 Siof5 =0
P

Ji(©)=0, fj0)=—/7-1(0), [fi(0)=0. (17

Here the primes denote the differentiation with respect
to . Egs. (16) and (17) for j=1,6, have been solved
numerically using the NAG routine DO2HBF [12], to
obtain the small x temperature at the wall as

05 (1) =x""15(0)+x711(0)+3/(0)+x*13(0)
+x50)+ 750 + X7 (0) +. .
=1.2959x"7 +0.9515x7" +0.4429x +0.1187x*"
+6.4429 x 107°x>"° — 6.4451 x 10~ x>
—9.4502x 10~ *x77 +. .. (18)

Eq. (16) for the leading-order term f, gives the uniform
heat flux solution. The numerically retrieved value of
f6(0)=1.2959 is in very good agreement with the values
1.2961 and 1.2953 which have been previously obtained
by Rees and Pop [13] and Kumari et al. [14], respectively.

3.2. Solution for large x

In this case we take

Y=xf(xp), 0=xh(x.p). (19)

On applying the transformation (19) to Egs. (8)—(11)
yields 1= 0f/0y and fis determined from the equation

*f L0 [of V of o*f of o*f
UG (T (T T
oyt oyt \Oy dy dydx  0x gy?
along with the boundary conditions
" o°f of
f=0, Lf= ——~—x"", on y=0
0y? oy
o7
,1‘—/[—>0, as  y—o0. 2n
oy

These boundary conditions suggest looking for a solution
of Eq. (20) of the form

T =) +x"In(x)¢, () +/ D]+ .. (22)

where the O(x~') term includes the eigensolution ¢,
due to the leading edge shift effect as mentioned by
Stewartson [15]. The functions f;, ¢, and 7, are given by
the following ordinary differential equations:

T+ fs—=1¢=0,

fo(0)=0. F50)=—75(0), [o(0)=0 (23)
U ot =T o =0,
$:1(0)=0, ¢7(0)=—¢71(0), ¢1(0)=0 24

U+ T i =Fo i =Fodi +7 51 =0
fi©)=0, [i©)=—710)—1, i(0)=0 (25)

where now the primes denote differentiation with respect
to y. From Egs. (23) and (24), the term ¢, can be ex-
pressed as

b= ao.fo (26)

for, as yet, an undetermined constant a,. Introducing Eq.
(26) into Eq. (25) and using Eq. (23) yields

U+ hof i —Tofi=afy

fi©)=0, F1(0)=—71(0)—1, fi(c0)=0. @7
Egs. (23) and (27) can be solved analytically to give
fo=1=e, ¢(M=a,(l1—e™) (28)

e

fi=ay(1=y)—e™ —age”
+ag(1+e )T (0,e ) —=TO.1)+c(1—e) (29)

where c¢ is an undetermined constant, a,=e/(e—1) and

* dr
_ —t4a—1 - _ a—1_—x
['(a,x)= J e "t dt, o (a,x) xle (30)

X

is the incomplete Gamma function. Therefore, the solu-
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tion (22) is not fully determined to this order, as arbitrary
multiples of the eigensolution (28) can be added. Thus,
the wall temperature for large x is given by

00 (=750 + 5 To O +71(0)+..
—xt () +et... (1)
e—1

3.3. Numerical solution

To obtain a numerical solution of Egs. (8)—(11) that
hold for all values of x, starting at x=0 and proceeding
downstream until the asymptotic solution given by Eq.
(30) is attained, we use the method of continuous trans-
formation [11]. Thus, applying the transformation

Y =x" (14" F(x.0),

0(x.0)=x""(1+x)""H(x,0), {=yx~""(1+x)" (32)

to Egs. (8)—(10) yields H=0F/0{ and F is determined
from the equation

do*F (2+3&%) 0°F (1+3é3)<6F>2
+ F—-— —
a0 (B3438) ot (3+38)\%

¢ <aF CF PR

T3\ acee oc o

where to accommodate for the x'? singularity as x—0,
we have used the variable ¢ = x'? as the streamwise vari-
able. The transformed boundary conditions (11) become

0°F OF
FE0=0, (E0+E1+E) 200
o ¢

oF
ot

Finally, the wall temperature is given by

=—(1+&)1, (¢, 0)=0. (34

oF
ac

It should be noted that Eqs. (32)—(34) reduce to Eqs.
(12)-(14) for small values of x, and to Egs. (19)—(21) for
large values of x. The fluid velocity and the heat flux on
the wall are given by

0,,(x)=x"*(14+x)**— (x,0). (35)

w9 =x10 (10 F (0) 36)
i
g () =222 (14 )77 ‘;iz (x.0). (37)

Egs. (33) and (34) have been solved numerically using a
modification of the finite-difference method of Merkin
[16].

4. Results and discussion

Fig. 1 shows the full numerical solution of Eqs. (33)
and (34) for the scaled temperature on the wall
H(E, 0)=E"(1+&)7%%0,(8), plotted against E=x'7, in
comparison with the small values of ¢ solution, see Eq.

as)
WO =(+E) 2 Y Eri0) (39)

for j=0, 6, and with the large values of ¢ solution, see
Eq. 31),

M=+ (39)
WP (O=E 1+
3 ,
TS P IO, (40

From Fig. 1 it can be seen that as more terms from j=0
to j=3 are considered in the series expansion (38), the
better is the agreement with the full numerical solution
for small values of £. In fact, the (j+ 1)-terms small &
solution (38) can be used approximately up to £=0.1,
0.3,0.7 and 2 for j=0, 1, 2 and 3, respectively. By taking
more than four terms in the series expansion (38) the
agreement with the full numerical solution is only slightly
improved for small values of & and, in fact, only the six-
terms small solution is slightly better than the four-terms
small solution and it can be used up to £<2.25 within an
error of less than 1% from the full numerical solution.
From this we can conclude that between 4-7 terms are
sufficient to be considered in solving Eq. (17) for small
values of &. At large values of &, the one-term large &

HE.0)

Fig. 1. The scaled wall temperature H(£,0)=¢""(14+E)7%0,, (&)
as obtained from the full numerical solution of Egs. (33) and
(34) (o o0 0), plotted against ¢=x'7, in comparison with the
(j+ 1)-terms small values of & solution (38) for j=0, 6, and with
the one-term (- - -) and two-terms (- - -) large values of & solutions
(39) and (40).
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solution (39) approaches asymptotically the scaled full
numerical solution which tends to unity as —oo.
However, when the logarithmic term is taken into
account it can be seen that the two-terms large ¢ solution
(40) is a significant improvement and it can be used for
&>2.5with an error of less than 1% from the full numeri-
cal solution. It is only in the range 2.25<¢&<2.5 that it
may be considered necessary to use the full numerical
solution in order to obtain an accurate solution.
However, it is worth noting that at the point of inter-
section ¢~ 2.4 of the curves h$(¢) and A% (&), where the
largest deviation from the full numerical solution H(¢&,0)
occurs, the relative error is less than 3%.

Further, in order to investigate whether the con-
vergence of the series (18) can be accelerated we apply
the Shanks method [17] namely, instead of the partial
sum (38) we consider the sequence

n—1 _n—1 n—132
a Cir1€io — (i)

P11 n—1"
el teim) —2¢

n=1m, i=nC2m—n) (41)

where m=j/2, j=2, 4 or 6 and &’ =0 for i=0, .

Fig. 2 shows the numerical results for the full numerical
solution of Egs. (33) and (34) for the scaled temperature
on the wall H(¢, 0) in comparison with the corresponding
scaled Shanks solutions (41) for j=2, 4 and 6. From this
figure it can be seen that only for j=2 does the Shanks
method accelerate slightly the convergence of the series
(38), whilst for higher values of j such as 4 or 6 the speed
of convergence is not significant.

Fig. 3 shows the temperature profiles 6(&, () as
obtained from the full numerical solution of Egs. (33)
and (34), plotted on a linear-log scale as a function of
¢, for various values of é=x'"=0.1075, 0.4975, 0.7575,
0.9975, 2.4775, 4.8775, 7.7575, 10.3175 and 15.4375.
From this figure it can be seen that the temperature

.0
2 3 terms
H(£,0)
1.8
5terms
1.6
1.4 7 terms
1.2
full numerical
1.0 T T T 1
0 1 2 3 E 4

Fig. 2. The scaled wall temperature H(¢,0)= &~ '(14 &)7230,,(¢)
as obtained from the full numerical solution of Egs. (33) and
(34), plotted against £=x'7, in comparison with the Shanks
solutions (41) for j=2, 4 and 6.

10°— E=154375
mz\

10° T T T T
0 1 2 3 4 ¢

9(£.$)

ol

Fig. 3. Temperature profiles 0(¢, () as obtained from the full
numerical solution of Egs. (33) and (34), plotted against (,
for various values of £=0.1075, 0.4975, 0.7575, 0.9975, 2.4775,
4.8775, 7.7575, 10.3175 and 15.4375 (as ¢ increases the curves
increase).

profiles, as a function of {, decrease towards the zero
profile as & decreases to zero, whilst for large values of &
they behave like the large solution profile, see Egs. (19),
(31) and (32), namely,

090 =2E exp(—LE(1+&) 7). (42)

Although not presented in the paper, it is interesting to
note that for { <5 the results presented in Fig. 3 agree
within 1% with the six-terms small ¢ solution (15) for
£<2.25, and with the two-terms large ¢ solution (22) for
£=2.5.

Finally, for engineering practical purposes, the full
numerical solution for the scaled temperature on the wall
H(¢&,0) is compared with a much simpler scaled matching
solution. These matching solutions are not unique but
rather than having to perform a complete full numerical
solution, it is sometimes useful, for engineering purposes,
to seek a closed form approximate solution which may
be used with confidence over the whole interval range of
interest. For example, looking for a matching solution
which agrees with the five-terms small ¢ solution 4$(¢)
as x—0, and with the two-terms the large ¢ solution
h?(E) as x— o0, we obtain the following matching
solution:

E(1+AE+BE+CE+DEY+E )+iln(f+1)
E+CE+DE+E !

H($)=

(43)
where
A=—559531, B=13.9632, C=15.9388,
D=11.4071, E=—0.2988. (44)
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2.0

H(£,0)

Fig. 4. The scaled wall temperature H(&,0)=E~"(1+E)7%%0,, (&)
as obtained from the full numerical solution of Egs. (33) and (34)
(- - -), plotted against ¢ =x'?, in comparison with the matching
solution (43) (—).

Many other best fitted matching solutions which agrees
with the solution (38) for small £ and with the solutions
(39) or (40) for large &, have been investigated, but they
were found less accurate than the solution (43) over the
whole range of values of &. In deriving the empirical
formula (43), Maclaurin series expansions valid for small
values of & were used to obtain agreement with the power
series coefficients of A$(¢), whilst for large values of ¢
the coefficients of the Maclaurin series for the first term
of the right-hand side of Eq. (43) transformed via the
change of variables &' =¢7!, were chosen such that the
coefficients in the powers of ¢ and &> vanish. Based on
this procedure, the computation of the coefficients given
by Eq. (44) was made using MAPLE. The comparison
made in Fig. 4 between the empirical formula (43) and
the full numerical solution of Egs. (33) and (34) shows
that the former matching solution can be used with con-
fidence over the whole range of values of & within 1-2%
relative error and therefore may be used with confidence
in engineering applications.

5. Conclusions

In this paper a comparison between the small, large and
full numerical solutions of the free convection boundary-
layer equations for a vertical plate embedded in a porous
medium with Newtonian heating has been considered.
We have found that, unlike in the viscous (non-porous)
fluid flow situation considered by Merkin [3], the asymp-
totics for the large values of £ solution, which occurs due
to the leading edge effect, can be found analytically.

The numerical analysis shows that the full numerical
solution is very accurate. The six-terms small ¢ solution
can be used between 0<¢<2.25, whilst the two-terms
large £ solution, which includes a logarithmic behaviour,

can be used from £>2.5. Between these limits the full
numerical solution could be employed if accuracies less
than 3% are required.

In order to accelerate the rate of convergence of the
small ¢ solution, the Shanks method has been employed
but it was found that only the three-terms solution can
be slightly improved by this technique.

Finally, for engineering applicability a simple matching
solution for the scaled wall temperature which agrees
within 1-2% with the full numerical solution, as given by
Eq. (43), has been provided.

Future work will be concerned with investigating the
analogous horizontal plate situation.
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